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Abstract:This study explores the theory of spectral representations for second-order elliptic
operators. The existence and properties of eigenvalues and eigenfunctions in bounded regions are
examined, and solutions are formulated through orthogonal basis functions in Hilbert spaces.
The research further applies the obtained theoretical results to boundary value problems,
investigates convergence behavior, and highlights their importance in numerical approximations.
In addition, the effects of regularity conditions, parameter variations, and illustrative examples
are discussed. The findings contribute to a deeper understanding of elliptic operator theory and
open new directions for future investigations.
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Introduction
This paper examines the spectral representation theory associated with second-order elliptic

operators. Such operators occupy an important position in functional analysis, mathematical
physics, and the study of boundary value problems. The representation of solutions through
eigenvalues and eigenfunctions provides both theoretical insight and practical tools for analyzing
elliptic equations.

Recent developments in spectral theory have expanded its applications to elliptic operators
with nonconstant coefficients and more general bounded domains. These advances have
improved the understanding of regularity, stability, and convergence behavior of solutions. In
addition, spectral representations play a significant role in the construction of efficient numerical
approximation methods and computational models

In this study, particular attention is devoted to self-adjoint elliptic operators defined on
bounded regions. Their spectral properties are investigated, and it is shown that the
corresponding eigenfunctions generate an orthogonal basis in an appropriate Hilbert space
framework. Using this basis, solutions of elliptic boundary value problems can be represented in
series form and analyzed in detail.

The theoretical framework of the paper is based on classical results from spectral and
functional analysis. Furthermore, the presented results demonstrate the connection between
eigenvalue problems, orthogonal expansions, and modern approaches to partial differential
equations. The obtained conclusions may also be useful in applied mathematics, computational
analysis, and advanced educational research, providing a foundation for further scientific
developments in elliptic operator theory.
1-Theorem (Spectral Expansion Theorem).Let L be a second-order elliptic differential

operator defined in a bounded domain nRW :
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If L is self-adjoint and satisfies the ellipticity condition
2

, 1
( ) | | >0,,    n

ij i j
i j
a x x x l x l

=

https://doi.org/10.5281/zenodo.20265842


Ethiopian International Journal of Multidisciplinary Research

pISSN:2349-5707 Volume:13,Issue 5, May -2026 eISSN:2349-5715

https://www.eijmr.org/index.php/eijmr
- 1158 -

then it possesses a discrete spectrum. That is, the eigenvalues 1{ }k kl = form an increasing
sequence:

21 ...0 ,l l< ®
and the corresponding eigenfunctions 1{ }k kj = form an orthonormal basis in 2 ( )L W . For any

2 ( )f L W , the solution can be expressed via the spectral series:
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f j denotes the Hilbert space inner product:
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Proof Outline:Self-Adjointness of the Operator.The operator L is self-adjoint in the Hilbert
space 2 ( )L W if

1
0( , ) ( , ),  , ( ).Lu v u Lv u v H= " W

This property ensures that all eigenvalues of L are real and that the spectral decomposition of the
operator is valid. Self-adjointness also allows for decomposition of solutions into orthogonal
eigenfunctions, forming the basis of the spectral expansion principle.

Ellipticity and Positive Definiteness:The ellipticity condition
2
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implies that L is positive definite, guaranteeing that the smallest eigenvalue satisfies 1 0l > .
Positive definiteness ensures:

1. Validity and convergence of the eigenfunction expansion series,
2. Existence and stability of the corresponding solutions,
3. Monotonic growth of eigenvalues, leading to enhanced regularity properties of

solutions.
Compactness and Hilbert Space Argument:Since 1L- is compact in the Hilbert space, the

Riesz–Schauder theorem implies:
1.Existence of discrete eigenvalues,
2.Corresponding eigenfunctions forming an orthonormal basis.
This guarantees convergence of the spectral series in 2 ( )L W and compliance with regularity

conditions in 2 ( )H W .
Solution via Spectral Series:For any 2 ( )f L W , the solution is:
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The series:
1.Converges in 2 ( )L W ,
2.Preserves regularity in 2 ( )H W ,
3.Controls derivatives such as gradient and Laplacian, essential for numerical computations.

Example: For (0,1)W= and
2

2
dL
dx

= - ​ , eigenvalues are 2 2
k kl p= and eigenfunctions

( ) 2 sin( )k x k xj p= . Any 2 (0,1)f L can be expanded in the spectral series.



Ethiopian International Journal of Multidisciplinary Research

pISSN:2349-5707 Volume:13,Issue 5, May -2026 eISSN:2349-5715

https://www.eijmr.org/index.php/eijmr
- 1159 -

Regularity and Stability:If ( )ija C W , the spectral series converges in ( )C W , providing
smooth solutions. This:

1.Preserves operator properties,
2.Ensures solution stability,
3.Improves computational accuracy for numerical methods.
Multi-Dimensional and Geometric Extensions:Spectral properties extend to:
1.Multi-dimensional domains,
2.Complex boundaries,
3.Riemannian manifolds.
In such cases, eigenvalues and eigenfunctions reflect geometric characteristics. The spectral

theorem applies, subject to smoothness and compactness requirements.
Generalization to Fractional and Nonlocal Operators:Spectral expansions are generalized to

fractional elliptic and nonlocal operators:
,( ) ,  0 1L u ua a a= -D < <

where eigenvalues and eigenfunctions are defined via spectral series, although integration and
regularity analysis become more complex. Applications include:

1. Nonclassical diffusion phenomena,
2.Quantitative finance applications,
3.Population dynamics and biological transport models
Practical Applications:Spectral expansions are applied in:
1.Mathematical and physical simulations.
2.Computational engineering analysis.
3.Heterogeneous and composite structures,
4.Thermal transfer processes,
5.Wave propagation and acoustic modeling.
Spectral approximation techniques, including the Galerkin approach and finite element

procedures, employ spectral basis functions to achieve higher computational precision.
Conclusion
The investigation of the spectral properties of second-order elliptic operators demonstrates

that solutions may be represented through orthogonal eigenfunctions, allowing their stability and
regularity characteristics to be examined effectively. The obtained findings establish an essential
basis for:

1. Advanced theoretical analysis,
2. Computational and numerical techniques,
3. Applied mathematical and engineering models.

Furthermore, the presented framework provides valuable methodological support for
future scientific studies, academic research, and practical computational applications.
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