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Annotation

Differential equations occupy a central place in modern mathematics and applied sciences
because they provide mathematical models for numerous physical, engineering, and biological
processes. Among nonlinear first-order differential equations, the Riccati differential equation
represents one of the most important classes due to its wide applicability and unique
transformation properties. Although the Riccati equation is nonlinear, it can be reduced to a
linear differential equation when a particular solution is known. This transformation significantly
simplifies the solution process and allows the application of classical analytical methods.

The present study investigates the theoretical foundations of the Riccati method in solving
differential equations and analyzes its transformation mechanism in detail. The paper discusses
the standard form of the Riccati equation, derives the substitution formulas, and develops an
algorithm for obtaining exact solutions. Particular attention is given to the relationship between
Riccati equations and second-order linear differential equations.

Several illustrative examples are provided to demonstrate the practical implementation of
the Riccati method. The obtained results show that the Riccati transformation serves as an
effective analytical technique for solving nonlinear differential equations arising in mathematical
physics, engineering systems, control theory, and applied modeling.

Keywords: Riccati differential equation, nonlinear differential equation, substitution
method, linearization, ordinary differential equations, analytical solution, mathematical modeling.

Annotatsiya

Differensial tenglamalar zamonaviy matematika va amaliy fanlarda muhim o‘rin egallaydi,
chunki ular ko‘plab fizik, muhandislik va biologik jarayonlarning matematik modellarini
ifodalaydi. Birinchi tartibli chizigsiz differensial tenglamalar orasida Rikkate differensial
tenglamasi o‘zining keng qo‘llanish sohasi va maxsus almashtirish xossalari bilan alohida
ahamiyatga ega. Rikkate tenglamasi chizigsiz bo‘lishiga qaramay, ma’lum bir xususiy yechim
mavjud bo‘lsa, uni chiziqli differensial tenglamaga keltirish mumkin. Bu almashtirish yechish
jarayonini sezilarli darajada soddalashtiradi hamda klassik analitik usullardan foydalanish
imkonini beradi.

Mazkur tadqiqot differensial tenglamalarni yechishda Rikkate usulining nazariy asoslarini
o‘rganadi va uning almashtirish mexanizmini batafsil tahlil qiladi. Maqolada Rikkate
tenglamasining standart ko‘rinishi, almashtirish formulalari hamda aniq yechimlarni topish
algoritmi bayon qilingan. Shuningdek, Rikkate tenglamalari bilan ikkinchi tartibli chiziqli
differensial tenglamalar orasidagi bog‘lanishga alohida e’tibor garatilgan.

Rikkate usulining amaliy qo‘llanilishini ko‘rsatish maqgsadida bir nechta batafsil misollar
keltirilgan. Olingan natijalar Rikkate almashtirishi matematik fizika, muhandislik tizimlari,
boshqaruv nazariyasi va amaliy modellashtirishda uchraydigan chizigsiz differensial
tenglamalarni yechishda samarali analitik usul ekanligini ko‘rsatadi.

Kalit so‘zlar: Rikkate differensial tenglamasi, chizigsiz differensial tenglama, almashtirish
usuli, chiziglashtirish, oddiy differensial tenglamalar, analitik yechim, matematik modellashtirish.
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AHHOTanus

Juddepennmanpapie ypaBHEHHS 3aHUMAIOT Ba)KHOE MECTO B COBPEMEHHOW MaTeMaTHKE H
IIPUKJIAJHBIX HayKaX, IOCKOJIbKY OHM CIIy’KaT MaTeMaTH4Y€CKMMM MOJEIIIMA MHOTOYMCIIEHHBIX
¢u3nUecKnx, HMHXEHEPHBIX W  OWojormyeckux  mpomeccoB. Cpemu  HETMHEHHBIX
T QepeHMaIbHbIX YpPaBHEHUH MepBOro nopsjika ypaBHeHue Pukkatu npezictaBiseT coOoid
OIMH W3 HanmOoJjee BaKHBIX KIIACCOB Ojarojmaps CBOEH HIMPOKOH 00JacTh NPUMEHEHUS WU
0c00ObIM cBoOicTBaM npeoOpa3oBaHus. HecMoTps Ha HeMHENHBINH XapakTep ypaBHeHUs Pukkatu,
OHO MOXET OBITh CBEACHO K JHMHEHHOMY audQepeHnrnanbHOMY YPaBHEHHUIO TNPH HAIWYHH
U3BECTHOI'O YaCTHOI'O pelleHHs. Takoe INpeoOpa3oBaHME 3HAYMTENBHO YIPOIIAET Mpolece
peleHus U 03BOJISET UCII0JIB30BATh KJIACCUYECKNE aHATTUTUYECKNE METO/BI.

B nanHoil paGote uccinenyroTcs TEOPEeTUYECKHE OCHOBBI MeTO/a PUKKaTu NMpu perieHuu
muQepeHIMaIbHbBIX  YPaBHEHUH, a Takke NOAPOOHO  aHAIM3UPYETCSs  MEXaHH3M
COOTBETCTBYIOLLIETO MpeoOpazoBaHus. B cratbe paccmarpuBaroTcs cTaHgapTHas Qopma
ypaBHeHHsT Pukkatu, BBIBOIATCS (DOpPMyJBI TOJACTAHOBKM M pa3pabaThIBaeTCs alrOpUTM
HOJY4YeHUsT TOUYHbIX pemieHuil. Oco0oe BHMMaHUE YAENSAETCS CBS3M MEXAY YpaBHEHHUSIMHU
Pukkaru n nuHelinbiMu 1udpepeHInanbHPIMUA YPaBHEHUSMU BTOPOTO TTOPSIIKA.

JUis 1eMOHCTpaly NPaKTUUECKOro NpUMEeHeHus: MeTojia PUkkatu nmpuBeaeHsl 0oIpoOHbIe
npuMmepsbl. [lomydeHHbIe pe3yibTaThl MOKA3bIBAIOT, YTO MpeoOpa3oBaHUe PuKkaTu sBIseTCS
3G (EeKTUBHBIM  AHATUTHYECKUM METOJOM PpEIICHUs HeJMHEHHbIX IudepeHInaabHbIX
YpaBHEHHIA, BO3HHUKAIOMIMX B MaTeMaTHUECKOW (PHU3HMKe, WHKEHEPHBIX CHUCTEMaX, TEOPHH
YIPAaBIEHUS U NIPUKIIAJHOM MOJEINPOBAHUH.

KiroueBrnle ciioBa: ypapHeHue PukkarTu, HeJinHeliHoe 1 depeHIHaIbHOE YPAaBHEHHE,
MeTO0J NOACTAHOBKH, JHHeapu3alus, O00bIKHOBeHHbI¢ AU depeHnnaNbHbIC yPABHEHUs,
aHAJIMTHYECKOe pPellleHne, MaTeMaTHYeCcKoe MOJeIHPOBaHue.

Introduction

The theory of ordinary differential equations is one of the fundamental branches of
mathematical analysis. Differential equations are extensively used to describe dynamic processes
in physics, mechanics, electrical engineering, economics, biology, and many other scientific
fields. The ability to determine exact analytical solutions plays an important role in
understanding the qualitative behavior of mathematical models.

Nonlinear differential equations are generally more difficult to solve than linear equations
because their solutions often cannot be expressed using elementary analytical methods. However,
certain nonlinear equations possess special structural properties that allow them to be
transformed into linear equations through appropriate substitutions. One of the classical
examples of such equations is the Riccati differential equation.

The Riccati equation was introduced by the Italian mathematician Jacopo Francesco Riccati
in the eighteenth century. Since then, it has become an important object of study in both pure and
applied mathematics. The equation appears naturally in quantum mechanics, optimal control
theory, fluid dynamics, stochastic processes, and engineering applications.

The general Riccati differential equation is written in the form

d 2
= = P(2)y* + Q(z)y + R(2),
dr

where P(x), Q(x), and R(x) are continuous functions on a given interval.

The nonlinear character of the equation is caused by the quadratic term y2. Nevertheless, if
one particular solution is known, the equation can be transformed into a first-order linear
differential equation. This property makes the Riccati equation especially important in the theory
of nonlinear differential equations.
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The purpose of this paper is to analyze the Riccati method for solving differential equations,
investigate its transformation mechanism, and demonstrate its effectiveness through detailed
examples.

Mathematical formulation of the Riccati equation

Consider the general Riccati differential equation

% = P(z)y* + Q(z)y + R(z),

where

Pl&) 0

The equation is nonlinear because of the quadratic term involving the unknown function.
Suppose that yi(x) is a known particular solution of the Riccati equation. Then we introduce
the substitution

1
y(z) = yi(z) + @

Differentiating both sides with respect to x, we obtain
dy  dy, 1 du
de dr uldz’

Substituting this expression into the original Riccati equation yields

2
% —_ %% = .Plx) (yl + %) + Q(z) (yl =z %) + R(z).

Since yi(x) is a particular solution, it satisfies

d
—= = P(z)} + Q(a)u + R(2).

After simplification, we obtain
du
-22 = (2P(@)(2) + Q@) u + P(z).

Thus, the Riccati equation is transformed into the linear differential equation

du
7 T 2P(@)y(z) + Qz)) u = —P(z).
This transformation forms the basis of the Riccati method.
The main problem investigated in this paper is the analytical solution of nonlinear first-
order differential equations of Riccati type. The objectives of the study are:
1. To derive the transformation formulas of the Riccati method;
2.To reduce nonlinear equations to linear form;
3.To develop a systematic solution algorithm;
4. To demonstrate the effectiveness of the method through explicit examples.
The study focuses on equations that possess at least one known particular solution, allowing
the reduction process to be carried out analytically.
Algorithm for solving the Riccati equation

The Riccati differential equation can be solved using the following steps:
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Step 1. Write the equation in standard form
dy
2
— = P(z)y° + Q(z)y + R(z).
dr
Step 2. Determine a particular solution. Find a function yi(x) satisfying the equation.

Step 3. Apply the substitution

1
=at
u

Step 4. Transform the equation. Reduce the equation to a linear differential equation in u(x).
Step 5. Solve the linear equation. Use the integrating factor method.
Step 6. Return to the original variable. Substitute the obtained function u(x) into

T
Y=+
u
Example. Solve the differential equation:
d
u y? — 2y + 1.
dz
Step 1. Determine a particular solution. Observe that
y(z) =1
is a particular solution because
d
—{1) =10,
(1) =0,
and
1 —2(1) + 1= 0.
Thus,
0=0.
Step 2. Apply substitution. Let
1
i=1-4"
(1}
Differentiate:
dy 1du
dz u?dz’

Step 3. Substitute into the equation

Substituting into the Riccati equation gives

1d e 1
—_2_”=(1+—) —2(1+—)+1.
u? dr u u

Simplifying,
ldu 1
ulder u?
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Multiplying both sides by u?,
du
—— = 1.
dr

Step 4. Integrate. Integrating both sides,

u=—-x+C.
Step S. Final solution

Substituting into the original variable,

e =
* C—z

Conclusion

The Riccati differential equation occupies a special place in the theory of nonlinear
differential equations because of its transformability into linear form. The obtained results
demonstrate that nonlinear equations may often be solved systematically if their structural
properties are correctly identified.

The first example illustrates the classical Riccati substitution method when a particular
solution is known. The transformation immediately reduces the nonlinear equation to a simple
linear equation.

The second example demonstrates the relationship between Riccati equations and second-
order linear differential equations. This connection significantly expands the applicability of the
method and provides deeper theoretical insight into nonlinear systems.

The Riccati method is widely used in mathematical physics, optimal control theory,
quantum mechanics, engineering dynamics, and population models. In control theory, Riccati
equations appear naturally in linear quadratic regulator problems and stability analysis.

Despite its effectiveness, the method also has limitations. In many practical problems,
determining a particular solution may be difficult. In such cases, additional transformations or
numerical methods may be required.

The Riccati differential equation represents an important class of nonlinear first-order
differential equations with broad theoretical and practical significance. The present study
investigated the Riccati method for solving differential equations and analyzed its transformation
properties in detail.

The results show that the Riccati equation can be reduced to a linear differential equation
when a particular solution is known. This transformation simplifies the analytical solution
process and allows the application of classical linear methods.

Several examples were presented to demonstrate the practical implementation of the method.
The study confirms that the Riccati transformation is an effective analytical tool in solving
nonlinear differential equations arising in mathematics, physics, engineering, and applied
sciences.

Overall, the Riccati method remains one of the fundamental techniques in the theory of
differential equations and continues to play an important role in modern mathematical analysis.
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