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Abstract.
This article presents an algorithm for solving 1D boundary value problems using the

Galerkin finite element method. Furthermore, new local basis functions for the Galerkin finite
element method are introduced, and it is established that these functions are fundamental splines.
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The concept of a boundary value problem for ordinary differential equations of the second

order can be stated in general as follows. We consider the second order differential equetion

( ),d duLu p qu f x a x b
dx dx

- + = (1)

with the boundary conditions
1 1 1 2 2 2( ) ( ) , ( ) ( ) .u a u a u b u ba b g a b g+ = + = (2)

The differential equation (1) with the boundary conditions (2) is called a boundary value
problem. Here 1[ , ], , [ , ]p C a b q f C a b and
( ) 0, ( ) 0 for [ , ], , , , ( 1,2)i i ip x k q x x a b k const ia b g> = = are given numbers.
Now we deal with the approximate solution of the boundary value problem (1)-(2) using the

finite element method. We integrate (1) over the interval [ ],a b multiplying by an arbitrary

function 1[ , ]v C a b satisfying the boundary conditions (2) and using the formula of
integration by parts, we get

( ) .
b b

a a

pu v quv dx f vdx+ = (3)

It should be noted that equality (3) is in some sense equivalent to boundary value problem
(1)-(2). Indeed, if the function u is a solution of the boundary value problem (1)-(2), then the
function u satisfies equality (3) and vice versa.

We use equation (3) to approximate the boundary value problem (1)-(2).
Let us consider, for example, the Galerkin method. Let us given linear independent

functions 1
0 1, ,..., [ , ]n C a bx x x satisfying the boundary conditions (2). In that case, the

approximate solution of the boundary value problem (1)-(2) is sought in the following form:

0
( ) ( ).

n

n j j
j

u x c xx
=

= (4)

Since the function ( )nu x determined by equality (4) is an approximate solution of the
boundary value problem (1)-(2), we have a system of linear equations

( ) , 0,1,...,
b b

n i n i i
a a

pu qu dx f dx i nx x x+ = = (5)
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Taking into account (4), we write this system of linear equations in the following form

0
, 0,1,...,

n

ij j i
j
a c b i n

=

= =

or
,Ac b=

where

( ) 0 0, 0
, ( ,..., ) , ( ,..., ) ,

n T T
ij n ni j

A a c c c b b b
=

= = =

( )( , ) , ( ) ,
b b

ij i j i j i j i i i
a a

a a p q dx b b f dxx x x x xx x x= = + = =

and ( ) ( )0,1,...,i x i nx = was created [1, 2]:

( )
( )
( )

1
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1
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-= (6)

( )

( )
( )
( )
( )

0 1

1
1

1

1
1

1

1

0, ,
sin

, ,
sin

sin
, ,

sin
0, 1,

i

i
i i

i i
i

i
i i

i i

i

x x x
x x

x x x
x x

x
x x

x x x
x x

x x

w w
w w

x
w w
w w

-

-
-

-

+
+

+

+

<

-
<

-
=

-
<

-

( )1,2,..., 1i n= - (7)

( ) ( )
( )
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1
1
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sin
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-

-
-

-

<

= -
-

(8)

Here, 0 10 ... 1nx x x= < < < = , ,ix ih=
1 ,h
n

= 0,1,...,i n= and w \{ }0 .

Solving the system of linear equations (5), we find the coefficients , 0,jc j N= and get the

approximate solution ( )nu x .

Since the functions 1
0 1, ,..., [ , ]n C a bx x x are linear independent, it follows that the

symmetric bilinear form ( , 0, )ija i j n= is positive definite. This, in turn, means that the main

matrix A of the system of linear equations is positive. Therefore, the solution of the system of
linear equations (5) exists and is unique.

Remark 1. For the basis functions ( ) ( )0,1,...,i x i nx = , defined by the expressions

( ) ( )6 8- , the relation

( ) 1, ,
0,otherwisei j

i j
xx

=
=

i.e.,



Ethiopian International Journal of Multidisciplinary Research

pISSN:2349-5707 Volume:13,Issue 5, May -2026 eISSN:2349-5715

https://www.eijmr.org/index.php/eijmr
- 1030 -

( ) , 0,1,..., , 0,1,..., ,i j ijx i n j nx d= = =

holds, where ijd is the Kroniker symbol.

Remark 2. The basis functions ( ) ( )0,1,...,i x i nx = are local linear trigonometric
fundamental splines in a Hilbert space [2].

With a suitable choice of basis functions, the accuracy of the approximation method
improves as n increases.

Conclusion
This work describes an algorithm for solving 1D boundary value problems using the

Galerkin finite element method. New local basis functions are introduced, and it is established
that these functions constitute fundamental splines.
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