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Let a sequence of random variables be defined on some probability space ( )F PW, ,

1 2 n… …x x x, , , , ( 1)

and a non-negative integer random variablen .
In the theory of summation of random variables, a random sum is a quantity

1 2S …n nx x x= + + + ,

i.e. the sum of a random number of random variables ( see [5]). In the case where the sequence
(1) consists of non-negative independent random variables, the random sum Sn plays a

significant role in the theory of branching random processes ([6], [9]), as well as in reliability
theory ([2]). For example, for the study of the asymptotic properties of branching random
processes (the probabilities of degeneration and continuation of the process, the limit
distributions of the sum of the total number of particles, etc.), B.A. Sevastyanov's problem of
describing the class of measurable functions ( )g x defined on [0 ), such that from the

existence of ( )iEg x ( )i N and ( )Eg n the existence of mathematical expectation

follows ( )Eg Sn .
We first examine the formulated problem for random sums Sn , where the terms

1 2 ...x x, , are independent random variables and n is an independent integer non-negative

random variable. According to the formula for the total mathematical expectation, the
characteristic function of a random sum Sn has the following form:

0 0
( ) ( ) ( )n nitS itS itS

n n
t Ee E e n P n Een n n

= =
Y = = ; = = = =
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0 1
( ) ( )

n

k
n k
P n f tn

= =
= = , ( 2)

where 0 0S = , ( ) kit
kf t Ee x= is the characteristic function of random variables. kx . From

here on, the entry ( )E Ax; means that the averaging of random variables x is performed over

a set A, i.e.
( ) ( ) ( )

A
E A P d A Fx x w w; = , .

Taking into account the formulas ( ) (0)r r rES in
-= Y from equality (2), we conclude

that the existence of a mathematical expectation ( )r r
imax E E in x, < , N , for an

integer , 0r > entails rESn < , and the value rESn is a function of the values

1 1r r
iE Ex n, for integers 1 1(0 )r r r< . For example, in the case when random variables

ix are identically distributed (see [5]),

1ES E En n x= , 2 2 2 2 2
1 1 1[ ( ) ] ( )ES E E E E En n x x n x= - +

etc.

From the above it follows that bounded functions and power functions ( ) rg x x= ,

1,2,...r = belong to the class of measurable functions possessing the properties formulated in
the given problem of B.A. Sevastyanov . Below we will establish fairly broad conditions for
functions to belong ( )g to the class of functions considered in this problem.

Following B.A. Sevastyanov [6], we introduce the following classes of functions:
1) We will say that a function ( )g x defined on [0 ), belongs to the class 1G if

( )g x it is non-negative and there exists such 0C > that for any 0x y,

( ) ( ) ( )g xy Cg x g y . (3)

2) We will say that a function ( )g x defined on [0 ), belongs to the class 2G if it is

non-negative, non-decreasing and convex.
The following theorem holds:
Theorem 1 [6] . Let the random variables ix of sequence (1) be independent and

identically distributed, and let be n an independent integer non-negative random variable. Then

for any function 1 2g G G the inequality holds.
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1( ) ( ) ( )Eg S CEg Egn x n . (4)

Now we turn to the generalization of Theorem 1 for the case when ix there is a certain

dependence between the random variables ( )k n k nF …s x x, = , , of the sequence (1) and the

integer random variable . Let be the 0n -algebra s generated by 1n k- + random
variables k n…x x, , .

As is well known [7], a random variablen is called independent of the future if the event

( )nn does not depend on 1nF + , i.e. equality

(( ) ) ( ) ( )P n A P n P An n=

is satisfied for any 1nA F + , .

In the book by A.A. Borovkov [1] for the case ( )g x x= there is the following
statement (Kolmogorov-Prokhorov theorem): Let an integer non-negative random variable n
not depend on the future. Then, if

1
( ) k

k
P k En x

=
| |< , (5)

That

1
( ) k

k
ES P k En n x

=
= . (6)

If the random variables are 0kx , then condition (5) is redundant. But the non-

negativity of the mathematical expectations of the random variables ( 0)kEx does not

ensure the validity of equality (6) (oral communication by A.A. Borovkov). The latter means that
the above Kolmogorov-Prokhorov theorem is unimprovable . It should also be noted that in the
case 1 2( )x g x G G= (with a constant 1C = ), inequality (4) turns into equality. In fact,

if the random variables ix are identically distributed and

1 2 n… …n x x x, , , , ,
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- a sequence of independent random variables (not necessarily non-negative), then equality (6)
turns into equality

1
1
( )

n
ES E P nn x n

=
= . (7)

Now let us prove the following simple statement.
Lemma 1. If N is a random variable with values from N and EN < , then

1
( )

n
EN P N n

=
= . (8)

Proof of Lemma 1. For 1k > we have

1 1
( ) [ ( ) ( 1)]

k k

n n
nP N n n P N n P N n

= =
= = - + =

1
[ ( 1) ( )]

k

n
n P N n P N n

=
= > - - > =

1 1 1
( 1) ( 1) ( 1) ( )

k k k

n n n
n P N n P N n nP N n

= = =
= - > - + > - - > =

1
( ) ( )

k

n
P N n kP N k

=
= - > . (9)

But

1 1
( ) ( ) ( )

1n k n k

kkP N k k P N n nP N n
k= + = +

> = = = .
+

Because

1
( )

n
EN nP N n

=
= = < ,

That

lim ( ) 0.
k

kP N k
®

> = (10)
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Equality (8) follows from relations (9), (10) taking into account that

1
lim ( )

k

k n
EN nP N n

® =
= = .

The proof of Lemma 1 is complete.
Remark 1. The assertion of the lemma is well known. However, the given proof is not

found in the literature on probability theory.
According to the proven lemma, equality (7) can be rewritten as

1ES E En x n= . (11)

The last equality (11) is the famous Wald identity , which plays an important role in the theory of
statistical inference.

We now turn to a generalization of the theorem for the case wheren is a random variable
independent of the future with respect to the sequence of random variables (1). In some cases,n
it is also called a Wald random variable (see [5]).

Theorem 2. Let be 1 2 n… …x x x, , , , a sequence of independent non-negative random

variables (not necessarily identically distributed), and the random variable n does not depend on

the future. Then for each function 1 2( )g x G G the inequality holds.

{ }
1 1

1( ) ( ) ( )
n

k
n k

Eg S C g g n P n
n

En x n
= =

= . (12)

Proof of Theorem 2. According to the formula of total mathematical expectation

[ ] [ ]
1 1

( ) ( ) ( )n
n n

Eg S E g S n E g S nn n n n
= =

= ; = = ; = .

Since the function is 1 2( )g G G , we have

1 1

( )( ) [ ( ) ]
n

k
n k

g nEg S C E g n
nn x n

= =
; = =

1 1

( ) [ ( ) ]
n

k
n k

g nC E g n
n

x n
= =

= ; = . (13)
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Changing the order of summation in (13) according to the formula

1 1 1

n

n k k n
n k k n k
a b b a

= = = =
=

we get that

1 1 1

( ) ( )[ ( ) ] [ ( ) ]
n

k k
n k k n k

g n g nE g n E g n
n n

x n x n
= = = =

; = = ; = . (14)

Now we need the following
Lemma 2. Let events A and B ( )B A are independent of the event D . Then

A\ B they D will be independent events.
Proof of Lemma 2. By the conditions of the lemma, the following equalities are satisfied:

{ } { } { } { } { } { }P AD P A P D P BD P B P D= , = .

Because B A , that

{ } { } { } { } { } { } { }( )P A\ B D P A D P B D P A P D P B P D= - = - =

{ } { } { } { } { }P A P B P D P A\ B P D= - = .

Lemma 2 is proven.
Let us continue the proof of Theorem 2. It is easy to see that the independence of events

A and B implies the independence of events A \ A= W and B . Therefore, since n is a
random variable independent of the future, the event does not depend

( 1) ( 1)k kn n> - = - on the s -algebra . kF , . Consequently, this event does not

depend on s the -algebra ( )ks x . In exactly the same way, the event ( 1)kn > - does not

depend on s the -algebra 1( )ks x + . Since the equality holds

( ) ( 1) ( )n n \ nn n n= = > - > ,

then, by Lemma 2, the event ( )nn = at n k does not depend on s the -algebra ( )ks x .

Consequently, at n k
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{ }[ ( ) ] ( )k kE g n Eg P nx n x n; = = = . (15)

Taking into account (15), we rewrite the right-hand side of equality (14) in the form

{ } { }
1 1

( ) ( )( ) ( )k k
k n k k n k

g n g nEg P n Eg P n
n n

x n x n
= = = =

= = = =

{ }
1 1

1 ( ) ( )
n

k
n k

g g n P n
n

E x n
= =

= = . (16)

Now the proof of Theorem 2 follows from relations ( 13)-( 16).
The proof of Theorem 2 is complete.

Remark 2. Theorem 2 is a generalization of B.A. Sevastyanov's result (Theorem 1). First,
the condition of independence of the number of terms n from the sequence of random variables
(1) is replaced by a more general condition of independence of the random variable n from the
future. Second, if the random variables ( )kg x have the same mathematical expectations, i.e.

1 2( ) ( ) ( )nEg Eg … Eg …x x x= = = = ,

then inequality (12) turns into estimate (4).
Remark 2. As shown by B.A. Sevastyanov [6], the conditions for the existence

( )Eg n < and membership of a function g in the class of convex functions 2G cannot be

weakened.
Remarks 4. Functions from the class 1G with a constant 1C = are called

semimultiplicative . From the proof of Theorems 1-2, we can conclude that if the conditions for
convexity of functions ( )g are replaced by the condition of concavity, then lower bounds for

can be obtained ( )Eg Sn . It should also be noted that semimultiplicative convex functions play

an important role in the theory of linear operators (see [3], [4]).

References
1. Боровков. Теория вероятностей. М. "Наука", 1986. 431 стр.
2. Гнеденко Б.В., Беляев Ю.К., Соловьев А.Д. Математические методы в теории

надежности. Основные характеристики надежности и их статистический анализ. –
М. “Наука”, 1965. –524 с.

3. Красносельский М.А., Рутицкий Я.Б. Выпуклые функции и пространства Орлича. –
М.: Физматгиз, 1958. – 393 с.

4. Крейн С.Г., Петунин Ю.И., Семенов Е.М. Интерполция линейных операторов. – М.:
Наука, 1978. –399 с.



Ethiopian International Journal of Multidisciplinary Research

pISSN:2349-5707 Volume:13,Issue 3, March -2026 eISSN:2349-5715

https://www.eijmr.org/index.php/eijmr
- 1646 -

5. Круглов В.М., Королев В.Ю. Предельные теоремы для случайных величин. Изд-во
Московского Университета. 1990. –269 с.

6. Севастьянов Б.А. Ветвящиеся процессы. – М.: Наука, 1971. –436 с.
7. Жумакулов Х. К., Каримова Ш. Я. К. НЕКОТОРЫЙ ЗАДАЧИ ВЕТВЯЩИХСЯ

ПРОЦЕССОВ //Science and innovation. – 2024. – Т. 3. – №. Special Issue 50. – С. 28-
33.

8. Zhumakulov, H. K. "Conditions for the convergence of branching processes with
immigration starting from a large number of particles." Galaxy International
Interdisciplinary Research Journal 10.12 (2022): 309-313.

9. Rahimov I.Random Sums and Branching stochastic processes. –New York: Spring-
Verlag, 1995. –199 p.


