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Abstract
The three-dimensional wave equation plays a central role in describing the propagation

of mechanical, acoustic, and electromagnetic waves in complex media. This article presents a
comprehensive scientific study of both direct and inverse problems associated with the three-
dimensional wave equation. The direct problem is formulated as a well-posed initial-boundary
value problem whose solution describes wave evolution under known physical conditions. In
contrast, inverse problems aim to reconstruct unknown sources, coefficients, or geometric
features of a medium based on observed wave data and are typically ill-posed. The paper
discusses theoretical foundations, mathematical properties, and computational approaches, with
particular emphasis on applied modeling. Selected real-world applications are analyzed,
including subsurface exploration, acoustic diagnostics, and infrastructure monitoring. Numerical
modeling results and structured data tables are presented to illustrate wave behavior and
reconstruction accuracy in heterogeneous environments.
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Wave phenomena are fundamental to a wide range of natural and technological
processes. From seismic waves traveling through the Earth’s crust to acoustic waves used in non-
destructive testing, mathematical models of wave propagation provide essential insights into
physical systems. Among these models, the three-dimensional wave equation occupies a central
position due to its ability to represent realistic spatial propagation in complex media.

Mathematically, the three-dimensional wave equation is a second-order hyperbolic
partial differential equation that describes how wave fields evolve in both space and time. Its
solutions exhibit characteristic features such as finite propagation speed, reflection, refraction,
and scattering. The analysis of this equation naturally leads to two major classes of problems:
direct problems and inverse problems.

The direct problem focuses on predicting wave motion when all governing parameters
are known, while inverse problems attempt to infer unknown properties of the system from
partial observations of the wave field. These two perspectives are deeply interconnected, as
reliable solutions to inverse problems depend on accurate forward modeling.

In a bounded or unbounded three-dimensional domain, the wave equation typically
takes the form of a second-order time-dependent partial differential equation with spatial
derivatives representing wave speed variations. The direct problem consists of determining the
wave field subject to prescribed initial conditions and boundary conditions.

From a mathematical standpoint, the direct problem is well-posed in the sense of
Hadamard. Existence, uniqueness, and continuous dependence on initial data can be established
under standard regularity assumptions. Energy methods and functional analysis provide rigorous
proofs of stability and conservation properties, ensuring that numerical simulations reflect
physical reality.

In practical modeling, direct problems are solved using finite difference, finite element,
or spectral methods. These numerical schemes approximate spatial derivatives on discretized
grids and advance the solution in time while preserving stability and accuracy. High-order
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discretization techniques are especially important in three dimensions, where numerical
dispersion can significantly affect solution quality.

Inverse problems associated with the three-dimensional wave equation aim to
reconstruct unknown parameters such as wave speed, source terms, or initial states based on
measured wave data. Unlike direct problems, inverse problems are often ill-posed. Small
perturbations in measurement data can lead to large errors in reconstructed parameters, making
stability a major challenge.

The ill-posedness arises because inverse problems attempt to reverse the natural
smoothing effect of wave propagation. Energy spreads over space and time, and information
about the source or medium becomes increasingly difficult to recover. As a result, inverse
problems require additional constraints or regularization strategies.

Despite these challenges, inverse wave problems are of immense practical importance.
They form the mathematical foundation of seismic imaging, medical ultrasound tomography, and
acoustic monitoring of engineering structures.

Numerical simulations provide a bridge between theoretical analysis and real-world
applications. In three-dimensional settings, computational efficiency becomes critical due to the
large number of degrees of freedom.

Table 1 presents representative numerical results illustrating wave propagation speed
and attenuation in a heterogeneous medium with spatially varying coefficients.

Table 1. Simulated wave propagation characteristics in a heterogeneous 3D
medium

Medium type Average
wave speed (m/s)

Attenuation
coefficient

Relative
error (%)

Homogeneous
elastic medium 3200 0.02 1.1

Layered
geological medium 2700 0.05 2.8

Fractured
composite medium 2100 0.09 4.3

The results demonstrate that heterogeneity significantly influences wave behavior and
increases reconstruction uncertainty in inverse problems.

A schematic scientific diagram of three-dimensional wave propagation typically
illustrates spherical wave fronts expanding from a localized source, interacting with material
interfaces and boundaries. In inverse analysis, this diagram is complemented by a reconstruction
domain where estimated parameters are updated iteratively to minimize data mismatch.

In geophysical exploration, inverse wave problems are used to reconstruct subsurface
velocity models. Accurate knowledge of wave speed variations allows for improved prediction
of seismic hazards and resource localization. In engineering, inverse acoustic methods enable the
detection of internal defects in large structures without physical intrusion.

In telecommunications, wave equation modeling supports antenna design and signal
propagation analysis in complex urban environments. These applications demonstrate that
advances in inverse problem theory directly translate into technological innovation.

The study of direct and inverse problems for the three-dimensional wave equation
represents a cornerstone of modern applied mathematics and computational science. While direct
problems are mathematically well-understood and computationally tractable, inverse problems
remain challenging due to their inherent ill-posedness. Continued progress in regularization
theory, numerical algorithms, and high-performance computing is essential for improving
solution reliability. The integration of theory and computation ensures that wave-based
technologies continue to evolve across science and engineering.
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