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LEGEND AND JACOBIC SYMBOLS

Annotation:In studying Legendre and Jacobi symbols, we examine quadratic residues and their
properties. The Legendre symbol is used to determine the quadratic relationship between two prime
numbers. The Jacobi symbol, on the other hand, is a generalization of the Legendre symbol and is
defined for any positive odd number. It is computed as the product of the Legendre symbols
corresponding to its prime divisors.Legendre and Jacobi symbols are powerful tools for studying the
behavior of integers modulo some number. While the Legendre symbol is based on prime numbers,
the Jacobi symbol extends to composite numbers, providing a broader framework for number theory.
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INTRODUCTION
In this topic, we will learn how to solve higher-degree congruences, specifically those in the

form of xn ≡ a modm , where gcd a, m = 1.

Definition 1. If the congruence xn ≡ a modm has a solution, then a is called an n-th power residue.
If there is no solution, a is not an n-th power residue.

Additionally, when n = 2, n = 3 and n = 4 these residues are called quadratic, cubic, and
biquadratic, respectively.

Let us first consider the case where n = 2. For the quadratic congruence:

x2 ≡ a modp 1

where p is a prime number greater than 2, if a is a quadratic residue modulo p, then the congruence
has at least one solution. If x ≡ x1 modp is a solution, then − x1

2 = x1
2 ​ , so x ≡− x1 modp is

also a solution. Since there can be no more than two solutions to a quadratic congruence, these two
solutions are all the solutions to the congruence.

Legendre Symbol. Given a number a that is not divisible by p, we define the Legendre symbol
for a as follows:

Definition 2. For all values of a that are not divisible by p, the Legendre symbol is defined by:
a
p

= 1, agar a kvadratik chegirma bo‘lsa
−1, aks holda.

mailto:juraxonovasadillo@gmail.com
mailto:husanovtoxtamurod850@gmail.com
https://www.eijmr.org/index.php/eijmr/


eISSN: 2349-5715 pISSN: 2349-5707

Volume: 12, Issue 02, February-2025 SJIF 2019: 4.702 2020: 4.737 2021: 5.071 2022: 4.919 2023: 6.980 2024: 7,662

https://www.eijmr.org/index.php/eijmr/ 104

This can be written as:

a
p

≡ a
p−1

2 modp (2)

Property 1. The following properties hold for the Legendre symbol:

if a ≡ a1(modp), then a
p

= a1
p
[1-9].

a) a2

p
= 1

b) 1
p

= 1

c) −1
p

= −1
p−1

2

d) a1∙a2∙…∙an
p

= a1
p

∙ a2
p

∙ … ∙ an
p

e) ab2

p
= a

p

f) an

p
= a

p

n

g) 2
P

= −1
P2−1

8

h) P
q

= q
P

∙ −1
P−1

2 ∙q−1
2 P, q = 1

Example 1. Solve the congruence x2 ≡ 595 mod431 .

Solution: According to the properties:

1) 5
431

= 431
5

∙ −1
431−1

2 ∙5−1
2 = 431

5
= 1

5
= 1

2) 7
431

= 431
7

∙ −1
431−1

2 ∙7−1
2 =− 431

7
=− 22

7
=− 1

3) 17
431

= 431
17

∙ −1
431−1

2 ∙17−1
2 = 431

17
= 2∙3

17
= 2

17
3
17

= 1
2
17

= 1, 3
17

= 17
3

∙ −1
17−1

2 ∙3−1
2 = 17

3
= 2

3
= 1

Thus, we find:
595
431

= 5∙7∙17
431

= 5
431

∙ 7
431

∙ 17
431

= 1 ∙ −1 ∙ 1 =− 1

Answer: The congruence x2 ≡ 595(mod431) has no solution[10-14].

Example 2. x2 ≡ 219(mod383)

Solution: 1 - According to the properties, the following holds:

1) 41
219

= 219
41

∙ −1
219−1

2 ∙41−1
2 = 219

41
= 14

41
= 2∙7

41
= 2

41
∙ 7

41
=− 1

2
41

= −1
412−1

8 = 1,

https://www.eijmr.org/index.php/eijmr/


eISSN: 2349-5715 pISSN: 2349-5707

Volume: 12, Issue 02, February-2025 SJIF 2019: 4.702 2020: 4.737 2021: 5.071 2022: 4.919 2023: 6.980 2024: 7,662

https://www.eijmr.org/index.php/eijmr/ 105

7
41

=
41
7

∙ −1
7−1

2 ∙41−1
2 =

41
7

=
2 ∙ 3

7
=

2
7

∙
3
7

= −1
72−1

8 ∙
7
3

∙ −1
7−1

2 ∙41−1
2 =−

7
3 =−

1
3

=− 1

2) 22

219
= 1

219
383

= 383
219

∙ −1
383−1

2 ∙219−1
2 =− 383

219
=− 164

219
=− 41∙22

219
=

− 41
219

∙ 22

219
=− −1 ∙ 1 = 1

Answer: The equation x2 ≡ 219(mod383) has 2 solutions[15-18].

Jacobi Symbol: Now, we define the concept of the Jacobi symbol, which is a generalization of the
Legendre symbol and is defined as follows:

3rd Definition: For a large odd prime = p1 ∙ p2 ∙ … ∙ pr ​ , where p1, p2, …, pr are prime
numbers, the Jacobi symbol for a number a, which is coprime with P, is defined as:

a
P

= a
p1

∙ a
p2

∙ … ∙ a
pr

Using the properties of the Legendre symbol, we derive the properties of the Jacobi symbol.

2-xossa.

a) if a ≡ a1(modP), then: a
P

= a1
P
;

b) 1
P

= 1

c) −1
P

= −1
p−1

2

d) a1∙a2∙…∙ak
P

= a1
P

∙ a2
P

∙ … ∙ ak
P

e) 2
P

= −1
P2−1

8

Proof:

a) a
P

= a
p1

∙ a
p2

∙ … ∙ a
pr

= a1
p1

∙ a2
p2

∙ … ∙ ar
pr

= a1
P

b) 1
P

= 1
p1

∙ 1
p2

∙ … ∙ 1
pr

= 1
c) Consider the following equality:

−1
P

= −1
p1

∙ −1
p2

∙ … ∙ −1
pr

= −1
p1−1

2 +p2−1
2 +…+pr−1

2

But:
P−1

2
= p1∙p2∙…∙pr−1

2
=

1+2∙p1−1
2 ∙ 1+2∙p2−1

2 ∙…∙ 1+2∙pr−1
2 −1

2
= p1−1

2
+ p2−1

2
+ … + pr−1

2
+ 2N

Thus: −1
P

= −1
p−1

2 .
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d) This property follows from the following equalities:
a1∙a2∙…∙ak

P
= a1∙a2∙…∙ak

p1
∙ a1∙a2∙…∙ak

p2
∙ … ∙ a1∙a2∙…∙ak

pr
=

a1
p1

∙ a2
p1

∙ … ∙ ak
p1

∙ a1
p2

∙ a2
p2

∙ … ∙ ak
p2

∙ … ∙ a1
pr

∙ a2
pr

∙ … ∙ ak
pr

=

a1
P

∙ a2
P

∙ … ∙ ak
P

e) It is known that: 2
P

= 2
p1

2
p2

2
pr

= −1
p12−1

8 +p22−1
8 +…+pr2−1

8

Using the following equality:

P2−1
8

= p12∙p22∙…∙pr2−1
8

=
1+8∙p12−1

8 ∙ 1+8∙p22−1
8 ∙…∙ 1+8∙pr2−1

8 −1

8
=

p12−1
8

+ p22−1
8

+ … + pr2−1
8

+ 2N,

the property is obtained.

Property 3: For two odd coprime integers P and Q, the following equality holds:

P
Q

= Q
P

∙ −1
P−1

2 ∙Q−1
2

Proof: Let P = p1 ∙ p2 ∙ … ∙ pr and Q = q1 ∙ q2 ∙ … ∙ qs Then:
Q
P

= Q
p1

∙ Q
p2

∙ … ∙ Q
pr

= i=1
r

j=1
s qj

pi
�� =

−1 i=1
r

j=1
s pi−1

2 ∙
qj−1

2�� ∙ i=1
r

j=1
s pi

qj
�� = −1 i=1

r pi−1
2� ∙ j=1

s qj−1
2� P

Q

As stated in Property 2(c),
P−1

2
= i=1

r pi−1
2

� + 2N1,
Q−1

2
= j=1

s qj−1
2

+ 2N2,�

This completes the proof of the property.

Example 3: Compute 319
403

.

Solution: Using Property 1, we have the following:

1. 3
319

= 319
3

∙ −1
3−1

2 ∙319−1
2 =− 319

3
=− 1

3
=− 1

2. 7
319

= 319
7

∙ −1
319−1

2 ∙7−1
2 =− 319

7
=− 22

7
=− 1

From these, we find:

319
403

= 403
319

∙ −1
319−1

2 ∙403−1
2 = − 403

319
=− 84

319
=− 22∙3∙7

319
=− 22

319
3

319
7

319
=− 1 ∙ −1 ∙

−1 =− 1.
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Answer: -1.

CONCLUSION AND SUGGESTIONS

The Legendre and Jacobi symbols are essential concepts in number theory, playing a
significant role in studying quadratic residues and various arithmetic properties. These symbols
simplify and make solving arithmetic problems more efficient. The introduction of the Jacobi symbol
as an extension of the Legendre symbol allows its application to larger divisors, enabling broader
usage. This, in turn, facilitates algorithmic calculations and finds extensive application in modern
cryptographic systems. Moreover, applying the Legendre and Jacobi symbols opens new possibilities
in other areas of number theory, such as the theory of elliptic curves or strengthening cryptographic
algorithms.
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