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Let us consider a more general case when the initial temperature is a function of all three
coordinates7, & and Z.

If we limit ourselves to the study of the case when the temperature on the lateral surface of the
cylinder is maintained equal to zero, then the problem is reduced to solving the equation

ou , 0u 1ou 10u Ju
—=a" —St——t 55 t— (1)
ot or- ror r-00° oz

under the boundary condition

and under the initial condition
ul_, =o(r,0,z). 3)
We will look for particular solutions of equation (2.3.1) in the form of a product
u(r,0,z,t)=T(t) o(r) ©O) Z(z). (4)

Substituting (4) into equation (1), we obtain

n 1 '
T'(t) - 0] (l")+;(() (7") +L(D"(‘9) . Z"(Z)
a’T(1) w(r) o) Z(z)’

2"(2)+A°Z(2)=0, D"O)+m'D(H)=0,
o"(r)+ la)'(r) +(k* - m—;)a)(r) =0,
r r

T'(O)+a* (k> + A)T(t) =0,
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where 1, Mand k — arbitrary constants.

The general solutions of these equations are as follows:
Z(z)=C cosAz+C,sinAz,

®(@)=C,cosm b + C,sinm 0,
AP =CyJ, (k) + G, (k)

2,2 2
r=ce™ (k> + %)
Since the temperature inside the cylinder is obviously a periodic function of the angle € c

27, period, then the constant 72 must be an integer. Further, the constant C6must be equal to zero,
since otherwise the temperature will go to infinity on the axis of the cylinder, which is, of course,
impossible. As for the constant, f, it is determined from the boundary condition (2), which leads to the

equation Jm(kR) =0.1t follows that the constant k has an infinite set of values, determined by the
formula

Mo (i
k=t i=1,2 3 ..), 6
"= ( L3, ) (6)

Where U1, W5 H,35 - .. — positive roots of the equationJm(,U)ZO.

Since there are no restrictions on the parameter A , it can be considered completely arbitrary,
changing continuously in the interval from — to +

From these formulas follows the expressions of the desired functions Aol.(ﬂ), Boz'(ﬂ“)a
Aml. (ﬂ), Bml.(ﬂ), Cm(ﬂ), Dml.(/i),namely

1 R27m+

TR () -

Aml(/l)za I’(D(I’,Hl,g)x

XJ % cosmb, cos AEdrd0,dé,

1 R27m+

ﬂ-szJriﬂ (,umi) 00 -

Bml(ﬂ“)zg I"(D(I’,@l,f)x

xJ % cosm0, cos Aédrd0,d¢&,

m
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1 R2rm+

ro(r,6,&) X

00 -

C (A)=
ml( ) 5m7T2R2Jri+l(lumi)

m

xJ % cosm0, cos Aédrd0,d¢&,

1 R27m+

7[2R2Jri+1(/umi) 00—

ro(r,q,8)X

D (A)= 5

xJ, % cosm0, cos Aédrd0d¢&,

where Oy =2and O, =latm > 0.

Using the integral

+ B
PR N =
e cos fAdA =——e 4,
a

it is easy to verify that the solution to problems (1) — (3) can be rewritten in the form

P J /umir

apl,,:
_ Rmt t m R

1
u=——————— e — 5 . _ x
aﬂR2\/E m=0 i=1 5eri+1(:umi)

R27+ _(z=¢) iup
X po(p,0,,E)e <t J mTj cosm(8 —6)d pdO,dé&.(7)

0 —

Let us now consider the problem of heat propagation in a circular cylinder of radius R and
height 2 4, whose initial temperature is equal to (0(7” 5 9, Z), and the surface and base of the cylinder
are maintained at a temperature equal to zero.

The problem thus reduces to solving the equation
ou , 0u 1ou 10u oJu
= T4 ottt
ot o~ ror r o0 oz

under boundary conditions
u___ =u

and under the initial condition
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u|t:0 =p(r,0,z2). (1.3)

By applying the Fourier method and defining the constants introduced by this method through
the boundary conditions, we obtain the following particular solutions of equation ( 1.1):

2 2
m-r
—a® A%+ 5 ¢

e T (Ar) sinn;—;lr(z + h)(Acosné + Bsinnb). (1.4)

Here, the positive integers A are denoted by , as required by the second of the boundary
conditions (1.2); the constant /77is related to the roots of the equation

J,(1)=0 (1.5)
equality

i=£ (1.6)

R
This is the requirement of the third of the boundary conditions (1.2). As for the number 7, , it

must be an integer, since the temperature of the cylinder is a periodic function of the angle @ with a
period equal to 2.

Taking now the sum of all solutions of the form (1.4), distributed over alln =0, 1, 2, 3,

., m=1, 2, 3, ...and for all positive roots t{;, H >, H,3, . . .equations (1.5), we obtain a
solution to the problem in the form of a series:

2 2 2
m-mw
! ﬂnk+

R*  4n? "]n M. T e
R

X sin’;—i(z +h)4,,, cosnd+ B, sinnd),(1.7)

in which it remains to determine the coefficients Akmn and :Bkmn

For this purpose, we put ¢ =0 in the expansion (1.7); then, taking into account the initial
condition (3), we obtain

W,y . mm
r,0,z)= J Sk sin——(z+h) X
@(r,0,z) " TR Yy (z+h)

k=1 m=1 n=0

X (4,,,cosnd+ B, sinnd).(1.8)

Since the right side of equality ( 1.8) is the expansion of the function (KI’ R Q,Z) in a Fourier

series in cosz 6 and sinn @, the coefficients of these trigonometric functions are determined by
known formulas. Thus, we will have
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2
2L Pr0.2)d0=  AysinT (2 4h) J, Fat

T, k=l m=l

2z

1 o(r,0,z)cosnbdl = A

kmn ’
T 0 k=1 m=l1

mir
n—-~ _(z+nh
Sin 7 (Z )

Jn lunkr
R

2w
L1 @(r,0,z)sinnbd0 = B, sin%(zm) J _“z” _

T 0 k=1 m=1
Each of these equalities represents an expansion of a function considered as a function of 7, in
a series of Bessel functions. The coefficients of such expansions are determined by the formula:

Ao sm (z +h)=

m=l1

R2rm

1

Ko
=———— ro(r,0,2)J, —— drd0,
R I} (t;) 00 " R

A

m=l

mm
in—- (z+h) =
sin o (z+h)

kmn

2 R2rm

lunkr
ro(r,0,z)J —— cosnBdrdb,
”RZJ w1 (M) o g P02, R

(1.10) B

m=1

kmn

mm
in—- (z+h) =
sin o (z+h)

2 R2r7

#nkr .
ro(r,0,z)J, —— sinnfdrdf,(1.11)
”R J+1( ) o o R

Since the functions Sln—h(z +h) (m=1, 2, 3, . . . )form an orthogonal system of functions on

the segment [—h,h], then, using the usual method, we find that in expansions (1.9), (1.10) and (1.11)
the coefficients A,m,, Bkmn,are determined by formulas

1 R27 h

U ¥ . MT
A = ro(r,0,z)J, sin + h)drd0dz,
e 7TR2h‘]12(luOk) 00 -h (D( Z) ’ R 2h (Z ) i
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2 R27 h

A =
o ”R2h‘]j+l(lunk) 00 —h

ro(r,0,2)J. % cosn@sin%(z+h)drd6’dz,

B =
o ”th‘]irl(lunk) 00 h

ro(r,0,z)J, ”;g” cosn@sin’Z—Z(z+h)drd6’dz

Substituting these values of the coefficients into the series ( 1.7), we obtain the final solution of
problem (1.1) — (1.3).
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