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Abstract.
This article analyzes trigonometric equations, their main types, and ways to solve them using
algebraic and graphical methods.
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Trigonometry is one of the most important branches of mathematics and plays a fundamental role
in science, engineering, astronomy, architecture, navigation, and computer technology. Trigonometric
equations are mathematical equations involving trigonometric functions such as sine, cosine, tangent,
cotangent, secant, and cosecant. These equations are widely used to describe periodic phenomena,
oscillations, waves, rotations, and other natural processes. The study of trigonometric equations helps
students develop logical thinking and analytical problem-solving skills.

The concept of trigonometric equations originated from the need to measure angles and distances
in astronomy and geometry. Ancient mathematicians from Greece, India, and the Islamic world
contributed significantly to the development of trigonometry. Today, trigonometric equations are
essential in advanced mathematics and applied sciences.

A trigonometric equation is an equation that contains one or more trigonometric functions of an
unknown angle or variable. The goal of solving a trigonometric equation is to determine all values of
the variable that satisfy the equation.

Examples of trigonometric equations include:

sinx=1/2
cos x = -1
tan x = V3

2sin’x - 3sinx +1=0

Trigonometric equations may have infinitely many solutions because trigonometric functions are
periodic. Therefore, solutions are often expressed in general form.

Basic Trigonometric Functions

Before solving trigonometric equations, it is important to understand the basic trigonometric
functions.

Sine Function

The sine of an angle in a right triangle is the ratio of the opposite side to the hypotenuse.

Cosine Function

The cosine of an angle is the ratio of the adjacent side to the hypotenuse.

Tangent Function

The tangent of an angle is the ratio of the opposite side to the adjacent side.

Cotangent Function

The cotangent is the reciprocal of the tangent.
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Secant and Cosecant

The secant is the reciprocal of cosine, and the cosecant is the reciprocal of sine.

These functions are periodic and possess unique graphs and properties.

Periodicity of Trigonometric Functions

One of the key properties of trigonometric functions is periodicity. A function is periodic if its
values repeat after a fixed interval.

The sine and cosine functions have a period of 2.

The tangent and cotangent functions have a period of «[1].

Because of periodicity, trigonometric equations generally have infinitely many solutions.

There are several important methods used to solve trigonometric equations. The choice of method
depends on the structure of the equation.

Algebraic Method

Many trigonometric equations can be transformed into algebraic equations by substitution.

For example:

2sin’x - 3sinx+1=0

Let:

sinx =t
Then the equation becomes:
2¢-3t+1=0

Factoring gives:

2t-1)(t-1)=0

Therefore:

t=12ort=1

Substituting back:

sinx =1/2

and

sinx =1

The solutions are:

X =m/6 +2nn

X = 571/6 + 2nn

X =m/2 +2nn

This method is efficient for quadratic and polynomial trigonometric equations.
Factoring Method

Some equations can be solved by factoring expressions.
Example:

sinx cosx =0

This equation can be written as:

sinx=0

or

cosx=0

The solutions are:
X=nmn

or

X=7/2+nn
Factoring is useful when equations involve products of trigonometric expressions[4].
Using Trigonometric Identities
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Trigonometric identities are powerful tools for simplifying equations.

Common identities include:

sin’x + cos*’x = 1

1 + tan®x = sec?x

1 + cot’x = cosecx

Double-angle identities:

sin 2X = 2sin X oS X

COS 2X = c0s*X - sin’x

Example:

sin’x - cos?x = 0

Using the identity:

CoS 2X = c0s?X - sin’x

we obtain:

-cos 2x =0

Therefore:

cos 2x =0

Thus:

2x =7/2 +nn

X =1/4 + nn/2

This method is widely used in advanced trigonometric equations.

Graphical Method

The graphical method involves drawing graphs of trigonometric functions and identifying
intersection points.

For example, to solve:

sin X = oS X

one can graph y = sin x and y = cos x. Their intersection points satisfy the equation.

Analytically:
sin X = coS X
tan x =1
Thus:

X =m/4 +nn

The graphical method helps visualize solutions and understand periodic behavior[2].

Using the Unit Circle

The unit circle is one of the most important tools in trigonometry. It allows students to determine
exact values of trigonometric functions for standard angles.

For example:

cosx=1/2

On the unit circle, cosine equals 1/2 at:

x =m/3 and x = 51/3

General solutions:

X =2nm £+ /3

The unit circle simplifies the process of solving elementary equations.

Transformation Method

Complex equations can often be simplified through transformations.

Example:

sin X + cos x = 1
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Using the identity:

sin x + cos x = V2 sin(x + n/4)

the equation becomes:

V2 sin(x + w/4) = 1

sin(x + 1/4) = 1/\2

Thus:

X + /4 =n/4 + 2nn

or

X + /4 =3n/4 + 2nn

Therefore:

X =2nn

or

X =m/2 +2nn

Transformation techniques are especially useful in higher mathematics.
Homogeneous Trigonometric Equations

Homogeneous equations contain terms of the same degree.
Example:

sin®x + sin X cos X - 2cos*’x =0

Dividing by cos*x:

tan’x +tanx -2 =0

Factoring:

(tanx +2)(tanx - 1)=0

Thus:

tan x = -2

or

tanx =1

Solutions:

x = arctan(-2) + nn

X =m/4 +nn

Homogeneous equations are commonly solved by dividing by a trigonometric expression.
Equations Involving Multiple Angles

Some equations involve double angles, triple angles, or higher multiples.
Example:

sin 2x = V3/2

Then:

2x =7/3 + 2nn

or

2x =2m/3 + 2nn

Dividing by 2:

X =7/6 +nn

or

X =7/3 +nn

Knowledge of angle formulas is essential for these problems.
Trigonometric Inequalities

Trigonometric inequalities involve inequalities instead of equalities.
Example:
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sin x > 1/2

From the unit circle:

/6 <x < 57/6

within one period.

Considering periodicity:

/6 + 2nmt < x < 51/6 + 2nn

Trigonometric inequalities are important in optimization and calculus.

Special Cases of Trigonometric Equations

Some equations require special techniques.

Example:

sin X =X

This equation cannot be solved algebraically. Numerical methods or graphs are needed.
Similarly, equations such as:

X = tan X

often require approximation methods[3].

Trigonometric equations are an essential part of mathematics and scientific analysis. They

describe periodic relationships and provide solutions to problems involving angles, waves, oscillations,
and cycles. Various methods such as algebraic transformations, factorization, trigonometric identities,
graphical interpretation, and unit circle analysis allow mathematicians to solve these equations

effectively.
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